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4 Massless spectrum for hybrid CFTs
Marco Bertolini, Ilarion V. Melnikov, and M. Ronen Plesser
Abstract. We describe a class of theories obtained by fibering a Landau-
Ginburg orbifold over a compact Ka¨hler base. While such theories are often
described as phases of some GLSM, our description is independent of such an
embedding. We provide a method for computing the massless spectrum. This
note is based on the longer paper arXiv:1307.7063.
1. Introduction
Elucidating the structure of the moduli space of (0, 2) heterotic compactifica-
tions is a intriguing problem but far from solved. A useful tool which has been fruit-
fully employed to explore this area is the gauged linear sigma model (GLSM) [13].
In this context, non linear sigma models (NLSM) on compact Calabi-Yau mani-
folds and Landau-Ginzburg (LG) theories describe low-energy dynamics for special
limiting values of the parameters. A GLSM expert has surely already encountered
a model exhibiting a hybrid phase, which in simple words consists of a LG orbifold
(LGO) fibered non-trivially over a compact base. We provide an intrinsic definition
of a hybrid SCFT, i.e. independent of a GLSM embedding and its UV completion,
in principle describing a new class of heterotic vacua.
As is well known, gauge neutral massless states in spacetime correspond to first
order deformations of the internal SCFT. While there exist mechanisms [4,12] that
prevent a subset of these deformations from being lifted by worldsheet instantons,
there are situations [2] where instantons give masses to singlets. Moreover, the
authors in [1] started a more systematic study of the behavior across phases of
massless singlets corresponding in the large radius limit to h1(EndT )1 in examples
with (2, 2) worldsheet supersymmetry realized as hypersurfaces in toric varieties.
By extending the techniques for NLSM and LGO [8], we provide a method to
compute the massless spectrum of hybrid models in the hybrid limit, where the
base manifold is taken to be large. Such a technique is particularly useful for at
least two reasons: on the one hand we increase the number of points/limits where
exact computations can be carried by a fair amount; on the other hand, one can
hope to tackle the computation of worldsheet instantons more easily in a hybrid
set-up, since one has to deal with rational curves on the lower dimensional base
instead of a Calabi-Yau three-fold.
2010 Mathematics Subject Classification. Primary 81T30.
1These are the bundle moduli in a (2,2) exclusive language.
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2. Hybrid geometric set-up
Our goal is to construct a non-trivial SCFT obtained by hybrid compactifi-
cation. The starting point for our model is a NLSM2 on a Ka¨hler manifold Y0
together with a holomorphic function W : Y0 → C such that dW−1(0) = B ⊂ Y0,
where B is compact and Ka¨hler. This potential condition will turn out to be fairly
important in what follows. This geometry will realize a hybrid model when locally
for B ⊂ Y0 it can be modeled as the total space of a rank n holomorphic vector
bundle, Y : X → B. As we will see, this is quite natural since the bosonic potential
of the hybrid action will suppress finite fluctuations supported away from B.
Action, symmetries and the hybrid limit. In this section we are going to
construct an action for a hybrid model and analyze its symmetries. We will work in
(2, 2) superspace with coordinates (z, z, θ, θ, θ′, θ
′
) and we define the supercharges
Q = − ∂
∂θ
+ θ∂ , Q = − ∂
∂θ
+ θ∂ , Q′ = − ∂
∂θ′
+ θ
′
∂¯ , Q′ = − ∂
∂θ
′ + θ
′∂¯ ,
(2.1)
and the superderivatives
D = ∂
∂θ
+ θ∂ , D = ∂
∂θ
+ θ∂ , D′ = ∂
∂θ′
+ θ
′
∂¯ , D′ = ∂
∂θ
′ + θ
′∂¯ ,(2.2)
where ∂ ≡ ∂/∂z and similarly for ∂¯. The non-trivial anti-commutation relations
are
{D,D} = 2∂¯ , {Q,Q} = −2∂¯ ,(2.3)
and similarly for the primed quantities. These objects are graded by the R-
symmetry U(1)L(U(1)R), which assign value +1 to θ
′(θ) and −1 to θ′(θ) respec-
tively.
The building blocks for a non-compact NLSM on Y are the (2,2) bosonic chiral
(and their conjugate anti-chiral) superfields
Yα = Y α +
√
2θ′Xα + θ′θ′∂zY α , Yα = Y α −
√
2θ
′Xα − θ′θ′∂zY α .(2.4)
The lowest components of the (0,2) bosonic chiral multiplets Y α are coordinates
on Y , which can be split into fiber coordinates, indicated as φi, i = 1, . . . , n, and
base coordinates, yI , I = 1, . . . , d. The lowest components of the chiral fermi
multiplets Xα are left-moving fermions χα. While in general the χα couple to a
stable holomorphic bundle E → Y subject to the conditions
c1(E) = 0 , c2(E) = c2(TY ) ,(2.5)
for the purpose of this paper we will assume they couple to the tangent bundle.
The (2, 2) action for our hybrid model is given by
S =
1
8π
∫
d2z DDD′D′K(Y,Y) + m
4π
∫
d2z DD′W (Y) + c.c. .(2.6)
It is easy to recognize the two terms: the first is a term kinetic term realizing
a NLSM on Y while the second is a superpotentiatial term, which satisfies the
potential condition dW (0)−1 = B. This implies that the bosonic potential is min-
imized by B and the low energy physics is described by small fluctuations around
B. Integrating over the fermionic coordinates and eliminating the auxiliary fields
2We will work with a flat worldsheet.
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by means of their equations of motion we obtain the component action, which after
some work it reads
2πL = ρα∂zy
α + χα∂zχ
α + ηα
[
gαβDzη
β + ηβR δ
αβγ
χδχ
γ + χβDαWβ
]
+ χαηβDβWα + g
βαWαW β ,(2.7)
where we have implemented the following field redefinitions
χα = gαβχ
β , ρα = gαα∂y
α + Γδαγχδχ
γ .(2.8)
The implications of the non-covariant transformation property of ρ will become
clear below.
Similarly to the LGO case, the U(1)L × U(1)R symmetries of the W = 0 the-
ory introduced above play a key role in constructing a heterotic/Type II vacuum.
In fact, they are necessary to define left/right spectral flow operators, whose con-
sequences are modular invariance and space-time supersymmetry. However, this
symmetry is generically broken by the superpotential. We then demand the ex-
istence of a holomorphic Killing vector V such that LVW = W . The action of
V on the fields, which we indicate as δ, is non-chiral and it is easy to check that
δL,R ≡ δoldL,R + δ are actual symmetries of the classical action.
What about the quantum theory? The action of U(1)L is chiral and it can suffer
from anomalies3. The anomaly vanishes if c1(TY ) = 0, that is if Y is a Calabi-Yau
manifold, which we will assume for the rest of the paper. More specifically, we will
assume that the canonical bundle OY is trivial.
So far we have discussed symmetries of the classical and quantum UV theory.
In order to be able to identify these symmetries with those in the corresponding
IR SCFT we expect our hybrid model to flow to, we need to impose one additional
constraint on V . We require V to be a vertical vector field, that is U(1)L × U(1)R
fix B point-wise. More precisely, we have that LV π∗(ω) = 0 for each ω ∈ Ω•(B).
A model satisfying this additional constraint is denoted a good hybrid.
The action is by construction (2, 2) supersymmetric, but for our subsequent goal
of describing the massless spectrum we focus on the action of Q = Q0+QW , where
Q0 is the supercharge of the non-compact NLSM of the W = 0 theory while QW
contains all the superpotential dependence. Moreover, they satisfy Q
2
0 = Q
2
W =
{Q0,QW } = 0. Up to the equations of motion, we find that the non-trivial actions
are
Q0 · yα = −ηα , Q0 · ηα = ∂zyα , QW · χα =Wα , QW · ρα = χβWβα .
(2.9)
In general one might expect the vacuum to be destabilized by worldsheet in-
stantons, that is non-trivial maps wrapping rational curves on the base. In analogy
to the “large radius limit” for a compact NLSM, we define the hybrid limit as the
Ka¨hler class of B is taken deep into the Ka¨hler cone. In other words, B is large
and we expand around trivial maps.
Now we turn to a technique for computing the massless spectrum of a hybrid
model in the hybrid limit.
3The action of U(1)diag ⊂ U(1)L × U(1)R is non-chiral, and it will not be anomalous.
4 MARCO BERTOLINI, ILARION V. MELNIKOV, AND M. RONEN PLESSER
3. Massless spectrum of a hybrid model
Space-time generalities. We briefly review the procedure to obtain a criti-
cal heterotic theory starting with our hybrid c = c = 9 N = (2, 2) internal SCFT.
Following Gepner’s prescription, we add 10 left moving fermions λA which realize
a SO(10) level one current algebra and a (hidden) level one E8 current algebra,
in addition to the degrees of freedom of the uncompactified spacetime R1,3. Mod-
ular invariance is enforced by separate GSO projections on both left- and right-
moving fermion numbers. In addition, the left-moving GSO projection enhances
the space-time gauge group from the linearly realized SO(10)×U(1)L to E6, while
the right-moving GSO projection ensures N = 1 space-time supersymmetry. In
particular, space-time supersymmetry implies that the knowledge of the massless
fermion spectrum, which is identified with the right-moving Ramond ground states,
is sufficient for determining the full massless space-time spectrum.
On-shell massless fermions will satisfy the conditions L0 = L0 = 0, where
L0 and L0 are the right- and left-moving energies in the internal theory. The
U(1)L charge q will determine the corresponding E6 representation according to
the decomposition
E6 7→ SO(10)×U(1)L
78 7→ 450 + 16−3/2 + 163/2 + 10
27 7→ 161/2 + 10−1 + 12
27 7→ 16−1/2 + 101 + 1−2.(3.1)
The type of space-time multiplet will be determined by the following simple rule:
states with q = − 12 and q = 12 belong to chiral and antichiral multiplets respectively,
while states with q = ± 32 belong to vector multiplets.
As in the more familiar set-up of LGOs, it is convenient to combine the GSO
projection with the orbifold action corresponding to the gauge group Γ = ZN ,
4
and we quotient the theory by Z2 ⋉ZN ∼= Z2N . Therefore we will need to account
for 2N sectors twisted by exp[πiJ ]k, k = 0, . . . , 2N − 1, where J correspond to the
U(1)L symmetry. CPT invariance exchanges the k-th and the (2k −N)-th sectors
so we can restrict our analysis to the 0, 1, . . . , N sectors. The massless spectrum
will contain the universal sector, consisting of the fermonic degrees of freedom of
the N = 1 supergravity and axio-dilaton multiplets, together with the gauginos of
the hidden E8, as well as some model-dependent vector and chiral multiplets. The
E6 neutral states, corresponding to first order deformations of the internal theory,
are of main interest in our analysis and can only arise in the (NS,R) sector.
Let us recall, as pointed out in the case of LGOs [8], that
{Q,Q†} = 2L0,(3.2)
and hence the kernel of L0 is isomorphic to the cohomology of Q, which turns out
to be computationally easier to handle. Unfortunately, we do not have a similar
technique at our disposal to describe the zero left-energy spectrum, and this con-
dition has to be imposed by hand. This, however, turns out to be quite possible
4In the case of X being a sum of line bundles with charges qi = (
n1
d1
,
n2
d2
. . . ), N will be given by
lcm(d1, d2, . . . ).
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yI ρI χ
I χI φ
i ρi χ
i χi
q 0 0 −1 1 qi −qi qi − 1 1− qi
2h 0 2 1 1 qi 2− qi 1 + qi 1− qi
q 0 0 0 0 qi −qi qi −qi
Table 1. Weights and charges of the fields.
since we can realize a N = 2 left-moving algebra commuting with Q. We can then
work out the Q-cohomology at fixed J0 = q and L0 = E = 0.
N = 2 left-moving algebra in Q-cohomology. We showed above that the
right-moving ground states are identified with Q-cohomology. Following the argu-
ment of [11] we can find representatives of an N = 2 left-moving superconformal
conformal algebra commuting with Q. The currents are given by
JL = X β(DβV α − δαβ )Xα − V αgαβ∂zY
β
,
T = −∂zY α
[
gαβ∂zY
β − gγβ,αX γX
β
]
−Xα∂zXα − 1
2
∂zJL ,
G+ = i
√
2
[Xα∂zY α − ∂z(XαV α)] , G− = i√2 [Xαgαβ∂zY β](3.3)
where JL is identified with the U(1)L symmetry, T is the stress-energy tensor and
the remaining currents correspond to the supercharges. These multiplets are D-
closed 5 and their lowest components give operators whose action is well-defined in
Q-cohomology. The OPEs of the left-moving fields are determined by the action
(2.7) and are given by
yα(z)ρβ(w) ∼ 1
z − wδ
α
β , χ
α(z)χβ(w) ∼
1
z − wδ
α
β .(3.4)
It is easy to compute the central charge of the left-moving algebra
c = 3d+ 3
n∑
i=1
(1− 2qi) ,(3.5)
where we recognize immediately the two contributions from the base and the LG
fiber theories. In table 1 we have listed weights and charges of the fields, where q is
the charge of U(1)R. We have then reduced the problem to a curved bc−βγ system.
That is, let {Ua} be an open cover of Y , then in each patch we have obtained
a realization of the model as a free field theory. However, the transformation
properties of the fields between patches fully represent the non-trivial geometry.
The fields will thus transform as sections of appropriate bundles over Y .
Twisted sectors. In this section we will provide expressions for E, q and q of
the fields and the vacuum |k〉 in the various twisted sectors. For ease of exposition
we will restrict to the case of X being a sum of line bundles, but the formulae below
can be extended to a more general X . We choose the vacuum to be annihilated by
5Recall that since D and Q are conjugate operators, we can study D-cohomology instead of
Q-cohomology.
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all positive modes. The moding of the left-moving fields in the k-th twisted sector
are given by
yα(z) =
∑
r∈Z−να
yαr z
−r−hα , χα(z) =
∑
r∈Z−ν˜α
χαr z
−r−h˜α ,
ρα(z) =
∑
r∈Z+να
ραrz
−r+hα−1 , χα(z) =
∑
r∈Z−ν˜α
χαrz
−r+h˜α−1,(3.6)
where
να =
kqα
2
mod 1 , ν˜α =
k(qα − 1)
2
mod 1 , hα =
qα
2
, h˜α =
qα + 1
2
.
(3.7)
Also, we define 0 ≤ να < 1 and −1 < ν˜α ≤ 0. The (anti)commutation relations
for the modes follow from the OPEs (3.4) and the quantum numbers of the twisted
vacuum |k〉 are obtained by computing the 1-point functions of T and JL:
q|k〉 =
∑
α
[
(qα − 1)(ν˜α + 1
2
)− qα(ν˜α − 1
2
)
]
,
q|k〉 =
∑
α
[
qα(ν˜α +
1
2
) + (qα − 1)(−ν˜α + 1
2
)
]
,
E|k〉 =
{
0 for k even
− 58 + 12
∑
α [να(1 − να) + ν˜α(1 + ν˜α)] for k odd
.(3.8)
In general, in order for |k〉 to be a well-defined state, it must be accompanied by
a wave-function over the space of bosonic zero modes; more precisely, |k〉 transforms
as a section of the holomorphic bundle over B given by
L|k〉 =
{
⊗iL(ν˜i−νi)i for k even
⊗iL(ν˜i−νi+
1
2
)
i for k odd
.(3.9)
Here we used the fact that the canonical bundle of Y is trivial. In fact, note that
να−ν˜α ∈ Z for k even and να−ν˜α ∈ Z+ 12 for k odd; thus L|k〉 is indeed well-defined.
Q-cohomology and the spectral sequence. Using the fact that the left-
moving N = 2 SCA in (3.3) commutes with Q, we can compute its cohomology at
fixed q, E, denoting the corresponding Hilbert space H ≡ H|q,E .
As in the case of LGO, H has a natural grading given by q, H = ⊕q∈Z+ 1
2
Hq,
and Q acts as a differential, Q : Hq → Hq+1. Now, we would like to introduce
an additional grading defined by the operator U which assigns charge 1 to ηα and
−1 to to ηα. Clearly, we have [Q0, U ] = Q0 and [QW , U ] = 0. We then obtain a
double grading on H given by U and p = q − U , so that the operators
Q0 : Hp,UP → Hp,U+1P , QW : Hp,UP → Hp+1,UP(3.10)
act as the vertical and horizontal differentials. Recalling that {Q0,QW } = 0, it
follows that the cohomology of Q = Q0 + QW is thus computed by a spectral
sequence with first two stages
Ep,U1 = H
U
Q
0
(Hp,•) , Ep,U2 = HpQ
W
HU
Q
0
(H•,•) .(3.11)
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The spectral sequence will always converge since 0 ≤ U ≤ d = dimB implies
dr>d = 0 and E
p,U
d+1 = E
p,U
∞ = H
p,U
Q
(H•,•). A problem might arise by the non-
compactness of the W = 0 geometry: the first step of the spectral sequence is
Q0-cohomology which is equivalent to horizontal Doulbeaut cohomology, and this
will in general give infinite dimensional vector spaces even at fixed E and q. In
order to have a well-defined counting we remember that the theory atW = 0 has an
extra U(1)⊕n symmetry which rotates each of the φ separately. Therefore the fine
grading r = (r1, . . . , rn) ∈ Zn associated to the monomial
∏n
i=1 φ
ri
i is a refinement
of the coarse grading given by E, q, and it yields a well-defined counting problem
which can be phrased in terms of sheaf cohomology over B.
The second step of the spectral sequence is QW -cohomology and higher dif-
ferentials will be determined in terms of Q0 and QW by the standard zig-zag
argument [6].
We will not dwell here on the geometrical description of each twisted sector, but
we will just summarize the main features. At k = 1 the geometry is given by the
full Y , and the states are organized as horizontal forms valued in the holomorphic
bundle
Bs,t,q ≡ ∧sTY ⊗ ∧tT ∗Y ⊗ Symq(TY ) .(3.12)
For odd k > 1 the geometry is given by a sector-dependent sub-bundle Y k of Y ,
determined essentially by the fact that the vacuum |k〉 transforms as a non-trivial
holomorphic section over B. For k even, the left moving energy E|k〉 = 0 and we
just restrict to zero-modes for all fields.
4. An example: the octic in P4{2,2,2,1,1}
Let us start by briefly summarizing the findings of [1] for the resolved octic
hypersurface in the weighted projective space P4{2,2,2,1,1}. In the large radius phase,
the counting for h1(EndT ) for generic complex structure is 188 while it get en-
hanced to 200 at the Fermat locus. However, the GLSM deformations, given by
the bottom row of the spectral sequence in the language of [1], are just 179, and
there is strong evidence that they correspond to exactly marginal deformations of
the theory [3,9]. That means that there is room for instanton-induced masses for
the extra 9 generic singlets. The results of the spectrum analysis at both the LG
point and in the orbifold phase agree with the large radius counting and thus seem
to exclude this possibility.
Here, in some sense we are going to complete their analysis by providing the
counting for massless gauge singlets in the hybrid phase, giving a sketch of the
application of methods developed in [5]. The hybrid model is a phase of the two
parameter GLSM [7,10], with geometry given by O(−2) ⊕ O⊕3 → P1 and super-
potential
W =
4∑
i=1
F[4−i](φ
1)i ,(4.1)
where F[d] is a generic degree d polynomial in φ
j , j = 2, 3, 4, with coefficients in
H0(P1,O(8 − 2d)). The quantum numbers of the ground states of the twisted
sectors, as well as charges of the fiber fields are given in table 2. In this example
PicB = H2(P1,Z) = Z, and the dual bundle L∗|k〉 is simply determined by the line
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k E|k〉 q|k〉 q|k〉 ℓk νi ν˜i νI ν˜I
0 0 − 32 − 32 0 0 0 0 0
1 −1 0 − 32 0 18 − 38 0 − 12
2 0 12 − 32 −2 14 − 34 0 0
3 − 12 −1 − 12 0 38 − 18 0 − 12
4 0 − 12 − 12 −2 12 − 12 0 0
φi ρi χ
i χi
q 14 − 14 − 34 34
q 14 − 14 14 − 14
Table 2. Quantum numbers for the octic model.
bundle O(ℓk) over P1. We will concentrate on E6-singlet states, and therefore we
are going to restrict our analysis to odd twisted sectors, i.e. k = 1, 3 and E = q = 0.
In the k = 1 sector, the first stage of the spectral sequence is obtained by taking
Q0-cohomology on the operators at E = q = 0. We obtain
(4.2)
Ep,u1 :
H1 (Y , B0,0,1)3
⊕
H1 (Y , B1,1,0)22
Q
W
// H1 (Y , B0,1,0)15
H0 (Y , B0,0,1)23
⊕
H0 (Y , B1,1,0)21
Q
W
// H0 (Y , B0,1,0)290
//
OO
− 32 − 12 p
U
The dimension of each group is indicated as a subscript. The bottom row of (4.2) is,
in some sense, universal: for generic W the kernel is 1-dimensional, corresponding
to the current associated to the U(1)L symmetry; for a more specific form of W we
can increase the kernel of QW and obtain enhanced symmetry. The cohomology
of the first row is model-dependent and it can be shown that QW is surjective for
generic W while cokerQW = 6 at the Fermat form.
In the k = 3 sector the situation is again straightforward because the vacuum
|3〉 transforms trivially, and the geometry is still provided by the full Y
(4.3)
Ep,u1 :
0 H1 (Y , B0,1,0)15
0 H0 (Y , B0,1,0)290
//
OO
− 32 − 12 p
U
Moreover,QW is identically zero on states at E = q = 0, and the spectral sequence
degenerates already at the first stage. We thus count 25 massless E6-singlets.
We can thus summarize our results: we find 282 singlets at generic W , while
the number increases to 297 for W at the Fermat form. This value differs by one
from the result at the LG point. There, the “extra” 6 singlets with respect to the
value of 188 at large radius where shown, by using mirror symmetry, to acquire
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a Ka¨hler-dependent mass. It is therefore natural to try the same approach in the
hybrid limit.
A little mirror symmetry. The Gepner model is a sum of minimal models
A⊕33 ⊕ A⊕27 , and the mirror model is obtained by taking a Z⊕33 orbifold. The
superpotential for the mirror model is
Wˆ = φ41 + φ
4
2 + φ
4
3 + φ
8
4 + φ
8
5 − 8ψφ1φ2φ3φ4φ5 − 4χφ44φ45 .(4.4)
The Gepner model corresponds to ψ = χ = 0, while the hybrid limit is reached at
ψ = 0, χ→ ∞. Since we are interested in states in the untwisted sector k = 1, we
do not need to go in the details of the orbifold. In particular, we want to see what
happens if we turn is a χ deformation. At q = 0 we have
(4.5)
Gia[1]γiγa|1〉12 ⊕ γiγj |1〉9 ⊕ γaγb|1〉4
⊕
Gi[2]ρi|1〉18 ⊕Ga[1]ρa|1〉4
Q
W
//
Gi[6]γi|1〉150
⊕
Ga[7]γa|1〉140
q = − 12 q = 12
where i, j = 1, 2, 3, a, b = 4, 5, and G[d] is a generic degree d polynomial in φi and φa
with weights 2 and 1, respectively. In this sector we have QW = γ
†
αWα+γ
αWαβρ
†
β,
α, β = 1, . . . , 5, which reads
QW = 4γ
†
iφ
3
i + 8γ
†
a(φ
7
a − 2χφ3aφ4b) + 12γiφ2i ρ†i + 12γiφ2i ρ†i
+ 8γa(7φ6a − 6χφ2aφ4b)ρ†a + 64χγaφ3aφ3bρ†b .(4.6)
At the Gepner point kerQW is 5-dimensional given by (φαρα + γαγα)|1〉. Clearly,
a χ deformation leaves unaffected the states for α = i but removes the degeneracy
for α = a. The the sum of such states is never lifted and we have that exactly one
vector-singlet pair is lifted by a χ deformation. This explains the discrepancy in
the number of singlets found in the hybrid limit (χ→∞) with respect to the value
at the Gepner point.
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